Electromagnetic duality of Maxwell theory is a symmetry of equations but not of the action. The usual application of the "complexity=action" conjecture would thus loose this duality. It was recently proposed in arXiv:1901.00014 that the duality can be restored by adding some appropriate boundary term, at the price of introducing the mixed boundary condition in the variation principle. We present universal such a term in both first-order and second-order formalism for a general theory of a minimally-coupled Maxwell field.
Introduction
The AdS/CFT correspondence builds a bridge between classical gravity in asymptotic antide Sitter (AdS) spacetime and some strongly-coupled conformal field theory (CFT) living on its boundary [1] [2] [3] [4] . It provides a new tool for studying the dynamics of various strongly coupled quantum field theories [5] [6] [7] [8] . Recently, holographic connections between the quantum complexity of a state on the boundary and some physical quantities in the bulk theory have attracted considerable attention. Conjectures such as "complexity = volume" (CV) [9, 10] and "complexity = action" (CA) [11, 12] have been proposed. Many works have been done to widely explore the properties of the holographic complexity related to these two conjectures and further to generalize these two conjectures [36] [37] [38] [39] [40] .
The CA conjecture states that the complexity of the boundary state is related to the on-shell classical gravitational action evaluated on the so-called "Wheeler-DeWitt (WDW) patch" of the asymptotically-AdS black hole, namely
The WDW patch is a spacetime area enclosed by light rays, as illustrated in Fig. 1 . Schwardzchild-like black hole which has only one event horizon located at r 0 , the region enclosed by blue lines is the WDW patch. The right panel shows the causal structure of Reissner-Nordstrorm like black hole which has two horizons located at r + and r − , and the WDW patch is the area enclosed by the blue lines.
It was well known that in gravities or supergravities, many global symmetries can be realized only at the level of equations, but not directly in the action. Indeed the well-known
Cremmer-Julia E 7(+7) global symmetry of maximum supergravity in four dimensions is a symmetry of equations. The simplest example to illustrate this is perhaps the Maxwell theory in general curved spacetime with the Lorentzian signature. The action is
The equation of motion and Bianchi identity, i.e.
can be interchanged by interchanging F and * F , giving rise to the electromagnetic duality.
However, this symmetry cannot be realized in the action for two reasons. The first is that the fundamental field in Lagrangian is the gauge potential A rather than F ; the second is that in Lorentzian signature, we have the identity ( * F ) 2 = −F 2 .
(1.4)
Indeed the electric and magnetic charges (Q e , Q m ) contribute symmetrically to the energymomentum tensor, e.g. Q 2 e + Q 2 m , but they contribute anti-symmetrically to the on-shell action, e.g. Q 2 e − Q 2 m . It follows that the standard application of the CA conjecture would loose the duality in the Einstein-Maxwell theory. This disappearance of the electromagnetic duality in holographic complexity from the CA conjecture was recently singled out in [41] and [42] .
There is more than one way to restore the electromagnetic duality. A double-field formalism can make the duality manifest even in the off-shell action at the price of introducing extra degrees of freedom that need to be removed by constraints [43] . For the on-shell action, the restoration of the duality is simpler and can be done simply by introducing a Maxwell boundary term [42] κγ 5) with appropriate coefficient γ. Unlike the Gibbons-Hawking surface term [44] , this boundary term was not required by the variation principle. In fact except for γ = 0, 1, the variation principle would have to deal with mixed Dirichlet and Neumann boundary conditions, which typically requires extra degrees of freedom on the boundary. The γ = 1 case was introduced in [44] [45] [46] [47] and it has an effect of performing the Legendre transformation in black hole thermodynamics associated with the electric charge Q e and its canonical potential Φ e .
It was demonstrated for the RN-AdS black hole [42] that the on-shell action can recover the full electromagnetic duality for appropriate γ. This leads to an important question whether there is a universal γ for restoring the electromagnetic duality in the on-shell action. The situation for purely electric or purely magnetic AdS black holes in a family of Einstein-Maxwell-Dilaton (EMD) theory was also examined in [42] .
In this paper, we examine a variety of theories that exhibits the electromagnetic duality at the level of equations of motion. These theories all admit dyonic AdS black holes, which allow us to evaluate the on-shell action and determine whether there is a universal term that can restore the duality in the on-shell action.
We first propose in section 2 a first-order formalism for a general theory of the Maxwell field that couples to gravity minimally. In this first-order system, we can add a total derivative term to restore the electromagnetic duality of the on-shell action. The advantage of the first-order formalism is that the variation principle involves only the Dirichlet boundary condition. We show that the on-shell action is precisely equivalent to that with the Maxwell boundary term in the second-order formalism. This yields a general formula for the required boundary term for restoring the electromagnetic duality. Since we are un-able to give a mathematical proof for this formula, in subsequent sections, we examine the on-shell action for dyonic black holes in Einstein-Maxwell, Einstein-Maxwell-Dilaton, Einstein-Born-Infeld and Einstein-Hordenski-Maxwell theories and confirm our conjecture.
In doing so, we obtain the explicit late-time action growth rate of the dyonic black holes in these theories. We conclude the paper in section 7.
2 First-order and second-order formalisms
In this section, we set up the general formalism for calculating the on-shell action involving the Maxwell field. We shall apply this formalism throughout this paper to evaluate the onshell actions for various black hole solutions. We consider a general theory of the minimallycoupled Maxwell field in four-dimensional curved spacetime, We begin with the first-order formalism and the action is given by
Here the antisymmetric Maxwell field strength F µν is a fundamental field and B µ is an auxiliary field. The γ-term is a total derivative of a bilinear term and gives no contribution to the equations of motion; however, it can alter the on-shell action. Variation of the action with respect to B µ gives the Bianchi identity
which implies that F = dA. Variation of F µν gives
Consequently, F µν satisfies the equation of motion
Applying the Bianchi identity and equation of motion, the on-shell action is
It should be emphasized that in this first-order formalism, the standard Dirichlet boundary condition should be adopted in the application of the variation principle, namely the variation of the fundamental fields δF µν and δB µ both vanish on the boundary.
Alternatively, we consider the second formalism where F = dA and A is the Maxwell potential. In this case, the Bianchi identity is automatic. The action is 6) where dΣ µ is the infinitesimal boundary volume element pointing to the normal direction of the boundary, and S µ (A) is some appropriate boundary term that is to be determined.
The variation with respect to A ν gives (after integrating out the total derivative)
Thus the equation of motion is (2.4), as in the first-order formalism. Furthermore, the boundary structure of δI A suggests that we can take
In particular, in Maxwell theory with F µν = F µν , setting γ = 1 gives the Legendre transformation interchanging the role of F µν and A ν . The Dirichlet boundary condition δA µ | ∂M = 0 is then switched to become the Neumann boundary condition n µ ∂ µ δA ν | ∂M = 0. In the first law of black hole thermodynamics, it becomes the Legendre transformation interchanging the role of the electric charge and its chemical potential. Here we let the constant γ be arbitrary.
The on-shell action is then
The Stock's theorem was applied in the second equality. It is clear that the on-shell actions (2.5) and (2.9) are the same. The price to pay in the second-order formalism is that one has to adopt the mixed Dirichlet and Neumann boundary condition, which typically requires additional degrees of freedom on the boundary. However, in terms of the evaluation of the on-shell action, the two formalisms give the identical result and it is more straightforward to use (2.9) to evaluate the action.
Thus we see that the action of the (general) Maxwell theory is not uniquely defined. In the first-order formalism, the ambiguity amounts to a total derivative, with an arbitrary dimensionless constant γ. In the second-order formalism, it represents itself as a surface term. However, this surface term is not required by the variation principle such as the Gibbons-Hawking term that must have a specific coefficient. The effect is like a Legendre transformation in black hole thermodynamics at the price of introducing mixed boundary conditions. The two different approaches lead to the same on-shell action with an additional γ term.
The purpose of this paper is to study the effect of this γ-term on the on-shell action.
For simple theory such as the Maxwell theory with L F = − 1 4 F 2 , we haveF µν = F µν and hence
which vanishes when γ = 1 2 . Since the electric and magnetic contributions to the energymomentum tensor and hence the metric are symmetric, it follows that the on-shell action with γ = 1 2 is symmetric with respect to the electric and magnetic charges. However, for general L F , the quantity I F on−shell does not necessary vanish even when γ = . This leads to a question whether it still has the electromagnetic duality. We shall provide sufficiently enough examples that support the conjecture that γ = 1 2 is the universal coefficient for restoring the electromagnetic duality for the on-shell action, provided that the electromagnetic duality does exist in the equations of the theory.
In four dimensions, there are more total derivatives that one can consider. One is the the F ∧ F term and the other is the Gauss-Bonnet combination
Both terms are expected to have electromagnetic duality, in the type of minimally-coupled (generalized) Maxwell theories we consider in this paper.
Finally, it should be pointed out that equations (2.2) and (2.4) interchange each other if we interchange * F and F , indicating the electromagnetic duality can always be implemented for the equations. However, the energy-momentum tensor expressed in F and F , namely 
Einstein-Maxwell thoery
In this section, we review the Einstein-Maxwell theory to illustrate a feature that the electric and magnetic contributions to the holographic complexity of a dyonic black hole are different and how this can be resolved [42] . Einstein-Maxwell theory in four dimensions, including the Gibbons-Howking term, is given by
where h is the determinant of the boundary induced metric, K is the trace of the extensive tensor and we set Λ = −3/ 2 . The theory admits the dyonic Reissner-Nordström-AdS (RN-AdS) blakc hole.
Here (µ, p, q) are integration constants. We choose the gauge that the electric potential a vanishes at infinity. The mass of the black hole, electric charge, magnetic charge, electric potential and magnetic potentials are
where ± represent quantities evaluated on the outer and inner horizons of the black hole.
In order to calculate the late-time action growth, we follow the method in [13] and we shall present only the main results. For more details we refer to [13] . To apply this method, we introduce the null coordinates (u, v), defined by
The Wheeler-De Witt patch of the black hole is shown in Fig. 1 , which is surrounded by the light rays symmetrically anchored to the left and right boundary time slices with t L = t R = t/2. The action growth rate consists of three parts (bulk, boundary and joint),
Thus we see that the magnetic and electric contributions have opposite signs in the first term of the bulk contribution, originated from the kinetic F 2 term. There are cancelations among these parts, so that the total action growth rate is quite simple
The result is independent of magnetic charge, in other words, the electric charge and the magnetic charge are not in the equal footing. In particular, the action vanishes for the purely magnetic black hole. It is worth commenting that this is a special result of a more 9) shown in [27] for all the black holes with both inner and outer horizons.
To address this issue, it was pointed out that at the price of introducing mixed boundary conditions in the variation principle, one can add a boundary term for the Maxwell field with an arbitrary coefficient γ [42]
On shell, with the help of the Maxwell equation and the Stokes' theorem, this term can be written as a bulk integration
Thus on shell, the total contributions of the Maxwell field to the action is modified to become
Thus after including the boundary term, the total action growth rate in the WDW patch is now given by
As can be expected, the action growth has electromagnetic duality when γ = 1 2 . At the end of section 2, two more total derivative terms were mentioned. The GaussBonnet term gives no contribution to the action growth for black holes with two horizons.
We find that the F ∧ F -term gives
14)
It is clear that the action growth has electromagnetic duality. Compared to (3.13), it should perhaps be expressed as
Thus the most general form of the action growth rate that has the the electromagnetic duality is 16) where the coefficientγ can be arbitrary.
Einstein-Maxwell-Dilaton theory
In [42] , the authors presented the complexity of a purely electric (or magnetic) AdS black hole in a class of EMD theories [48] . In this section, we go one step further and investigate AdS dyonic black hole solutions in certain EMD theories. We consider
The scalar potential can be expressed in terms of a superpotential W [49]
Explicitly, the scalar potential is [48] 
Note that taking the Taylor series expansion in the region of ϕ = 0, we have
Thus the limit of a = 0 requires that ϕ = 0. It follows from the kinetic term of the Maxwell field that the electromagnetic duality in the EMD theory requires
The scalar potential V breaks this duality except when a = 1/ √ 3, 1 and √ 3, for which
. Exact solutions of charged AdS dyonic black holes were known only for the latter two cases. Thus we study the holographic complexity for a = 1 and a = √ 3 dyonic black holes.
In order to recover the electromagnetic duality in the late-time action growth, a Maxwell boundary term is introduced [42] 
As in the previous case, the on-shell action can be written as a bulk integratoin
Dyonic black hole with a = 1
When a = 1 the scalar potential can be written explicitly as
The dyonic black hole solution is [49] 
where c i = cosh δ i and s i = sinh δ i . The mass, electric charge, electric potential, magnetic charge and potential are given by
where r ± are the radius of the outer and inner horizon of the black hole.
Including the Maxwell boundary term (4.6), the action growth rate can be written as
with
The total action growth rate takes the identical form (3.13) as the Einstein-Maxwell theory.
Dyonic black hole with a = √ 3
The case of a = √ 3 is the well-known Kuluza-Klein (KK) theory with the scalar potential
The KK dyonic AdS black hole was constructed in [47] . For simplicity, we consider only the planar geometry, for which the solution is
The solution has integration constants (µ, β 1 , β 2 ), parameterizing the mass and electric and magnetic charges:
The electric and magnetic potentials on both inner and outer horizons r ± are
Including the Maxwell boundary term (4.6), the action growth rate is (4.11) and we
(4.17)
The total action growth rate is again (3.13). Thus we see that the action growth rate of dyonic AdS black holes in EMD theories take the same form as that of Einstein-Maxwell theory, and it recovers the electromagnetic duality when γ = 
Einstein-Born-Infeld theory
The theory of Einstein-Born-Infeld (EBI) is a generalization of the Born-Infeld (BI) theory [50] to include gravity. The Lagrangian, with a bare cosmological constant Λ 0 , is given by
where
2 and Λ is the effective cosmological constant. In four dimensions, the theory admits AdS dyonic black hole solutions [51] 
where (µ, p, q) are the integration constants parameterizing the mass and charges of the black hole. To be specific, we have 4) where r ± are the radius of the outer and inner horizons. Thus we see that the metric, depending on Q 2 e + Q 2 m , has the electromagnetic duality. Though the Maxwell field is singularity free, the black hole solution has a curvature singularity at r = 0. When p 2 + q 2 ≤ 2/b, or p 2 + q 2 > 2/b but with M ≥ M * , the dyonic black hole has only one event horizon, where
When p 2 + q 2 > 2/b and M extrem < M < M * , the solution has two horizons. More details about the structure of the black hole singularity and the black hole thermodynamics can be found in [52] .
We are now in the stage of calculating the on-shell action growth rate. As discussed in section 2, now the Maxwell boundary term is given by
and (h −1 ) µν is the inverse of h µν . (There should be no confusion between the notation of this h µν and the boundary induced metric h ab in the Gibbons-Hawking surface term.) The on-shell action can be expressed in terms of the bulk integration
Having included this term, the total action growth rate is again given by (4.11), but with
Thus the later-time action growth rate again takes the same form as the Einstein-Maxwell case, given by (3.13).
For the dyonic black holes with only one horizon, the causal structure of the black hole is analogous to that of the Schwarzschild black hole. We follow the same procedure [13] and
The result contains two parts. The first line of the above is related to the black hole event horizon and can be expressed in terms of thermodynamical quantities. The second line of formula comes from the contribution from the curvature singularity r = 0. Both parts independently contain the electromagnetic duality when γ = 1 2 . The emergency of the electromagnetic duality at precise γ = 1 2 is much less trivial than the previous cases. This is because now the duality-violating term (2.5) no longer simply vanish when γ = 1 2 . In fact, the on-shell Maxwell bulk contribution is given by We can see that when γ = 1/2, the Maxwell boundary term cancels the asymmetric part of the bulk contribution, which is proportional to Q 2 e − Q 2 m . What is left is symmetric with (Q e , Q m ) that appears as Q 2 e + Q 2 m in the on-shell action.
6 Einstein-Maxwell-Horndeski theory
Einstein-Horndeski theory is a type of higher-derivative scalar-tensor theory where each field has no more than two derivatives in the equations of motion [53] . This feature is similar to that of Lovelock gravity [54] . A class of black hole solutions were constructed in Horndeski theory in [55, 56] and their thermodynamics were studied in [57, 58] , the instability and holographic applications can be found in [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] and reference therein. In particular it was proposed that the theory is a holographic dual to some scale invariant but not conformal invariant quantum field theory [69, 71] . The theory we consider is given by
Rg µν is the Einstein tensor, χ is the scalar field. It admits static AdS black hole solutions with both planar topology = 0 and spherical topology = 1 [56] .
Charged AdS planar black hole
The charged AdS planar black hole is given by 2) we find that the theory admits a black hole solution
with constraints
The global structure and black hole thermodynamics was analysed in [58] . Here we give some relevant thermodynamical quantities
Different from the RN-AdS black hole, there is an additional singularity r * where f diverges
There is a crucial difference with the RN black hole, this black hole has only one event horizon and thus has no extremal limit. Even though the temperature can be arbitrarily small, it can never reach zero [35, 57, 58] . Now, we are in the position of calculating the action growth. Including the Maxwell boundary γ-term, we find that the total action growth is
Charged AdS spherical black hole
The solution is given by 9) together with the constraints
To be precise, the black hole is asymptotically locally AdS. The global structure and black hole thermodybamics was analysed in [58] . The relevant thermodynamical quantities are
12)
The black hole has only one horizon and there is a curvature singularity at r * where f diverges, namely
We find that the total action growth (including the Maxwell boundary term) is given by Thus although the results appear to be more complicated, but it maintains the essential feature, namely the action growth rate preserves the electromagnetic duality when γ = 1 2 .
Conclusions
In this paper, we investigated the holographic complexity for dyonic black holes in Einstein- where U and V functions depend on the detail of a specific theory. These example suggests that γ = 1 2 is universal for restoring the electromagnetic duality in the holographic complexity from the CA conjecture. The result can be easily established for theories involving only the linear Maxwell equations. But for general nonlinear field equations, an abstract proof is still lacking. However, our explicit demonstration that γ = 1 2 holds for the EBI theory strongly suggests that it is indeed universal. It is of great interest to give a general proof or investigate further examples.
Our results do not address the question of which action equals the holographic complexity, raised in [42] . For theories with electromagnetic duality, we may require γ = 1 2 to fix the action. However, even in this case, we can add more terms such as F ∧ F into the action that respect the duality. For the RN-AdS black hole, the most general possibility of the holographic complexity based on CA that respects the electric-magnetic duality is given by (3.16) with arbitrary coefficientγ. When the bulk theory itself does not have the electromagnetic duality, (e.g. including (F 2 ) 2 term,) there is, a priori, no justification even to fix γ = 1 2 and it is of great interest to investigate whether γ = 1 2 is still special. Regardless the outcome, the CA conjecture requires some further refinements.
